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Abstract

This work analyses the factors that influence current retrieval for both simulated and physical

waves using radar images. The Doppler shift velocities are related to the dispersion relation.

These are found using one of three methods: least squares method, normalized scalar product

method or polar current shell method for simulated data. The normalized scalar product method

is found to give the best results. The depth dependent current is found using one of the following

inversion methods: the effective depth method (EDM) or the newly introduced polynomial

effective depth method (PEDM). For validation, the physical wave results are compared to

measurements from an Acoustic Doppler Current Profiler (ADCP). This thesis has been the

first study of the PEDM on real ocean wave radar images. We found that the PEDM performed

better than the EDM in all cases. We have also uncovered a limitation of the PEDM in cases

involving high shear currents.
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1 Introduction

1.1 Motivation

Current measurements are vital to how we understand the movement of oceans. The velocity and

direction of the current can be important for a wide range of applications. Knowledge of the ocean

current can contribute to more accurate weather forecasting [1]. Ocean currents are crucial to

understanding the impact of an oil spill [2]. Ocean current measurement can lead to choosing more

efficient shipping routes [3]. Tracking ocean currents can maximise energy generation from sea

turbines [4]. There are also a multitude of other applications of current measurements.

Many different techniques have been used to measure ocean currents. Eulerian frameworks

have been used which included instruments being attached to fixed moorings which either floated

on the surface of the water or were submerged [5]. Lagrangian frameworks have been used involving

drogues at different depths [6]. These in situ methods experience a broad range of challenges such

as being expensive, time consuming to deploy, limited data collection area and other factors [7].

Recently, the most commonly used method is an Acoustic Doppler Current Profiler (ADCP) which

measures the Doppler shift of sound reflected from the water at various distances in the water

column. ADCP measurements of ocean currents have gained widespread acceptance and are com-

monly used in the field [8]. However, it is difficult to measure the current in the uppermost layer

using ADCPs as the water particles are effected by both the currents and waves [9].

To avoid the deployment and retrieval of sensors, remote sensing can be a great alternative to

in situ measurements. Currents can be mapped over a large area with a single radar image. This

achieves the same degree of spatial coverage using in situ point sensors [10].

1.2 Objectives

This project will first focus on simulated waves. Existing methods will be used to extract the

wavenumber-dependent Doppler shift velocity. The performance of these methods will be compared

to the known Doppler shifts of the simulated waves. These Doppler shifts will be used in an inversion

method to find the depth-dependent current. The factors that influence the accuracy of the current

inversion method will be studied.
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These methods will also be applied to ocean wave data from the Eastern Mediterranean Sea

approximately 1.5 km off the coastline. This data was collected externally thanks to Rotem Soffer.

Three specific radar sequences will be used. Effects from aliasing and noise will be reduced when

finding the Doppler shifts. The inversion methods will be used to find the current profile which can

be compared to data from an ADCP in the field. These radar sequences experience different levels

of shear allowing us to compare the impact of shear on current inversion methods.

2 Theory

Estimating currents from wave measurements requires two distinct steps:

1. Measure the dispersion relation of the ocean waves and find the Doppler shift velocities as a

function of wavenumber, c̃(k). (Section 2.1 and Section 2.2)

2. Use the Doppler shift velocities to invert the current profile giving the measured current as a

function of depth, U(z). (Section 2.3)

2.1 Dispersion Relation

In this section, ocean waves are assumed to be linear water waves. The following assumptions are

made: the fluid is incompressible and inviscid, the flow is irrotational and the wave amplitudes are

small compared to the wavelength.We assume that the linearised water-wave problem has harmonic

wave solutions. Thus, we can derive the dispersion relationship for water waves:

ω0(k⃗) =
√
gk tanh(kh). (1)

This relates the wave angular frequency ω0 and the modulus of the wavenumber k = |⃗k|. Here, g

is the acceleration due to gravity, k⃗ = (kx, ky) and h is the depth of the water which is assumed to

be constant.

The addition of an ocean current beneath the surface of the ocean will change the dispersion re-

lation. Assuming a constant current in all spatial dimensions, with variation due to depth neglected
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it can be derived by extending Appendix A to 2D:

ωDR(k⃗) =
√
gk tanh(kh) + k⃗ · U⃗ , (2)

where U⃗ is the current velocity. It is important to note that the assumption that the current is

constant at all depths is not a realistic one. Thus, U⃗ does not actually represent the true velocity

of the current. Instead, it represents a wavenumber dependent Doppler shift velocity ⃗̃c(k). This

will be used to find the depth dependent current through the relationship in Section 2.3.

2.2 Dispersion Relation using Wave Spectrum

The dispersion surface ωDR(kx, ky) can be approximately found using the wave spectrum of the

radar images. The free surface of the radar images is defined as I(x, y, t), where x, y correspond to

the horizontal spatial dimensions and t is time. The radar backscatter image can be transformed

from the time-space domain to the wavenumber-frequency domain using a 3D Fast Fourier Trans-

form (FFT). In the spectral model of the ocean, the water surface can be represented by a linear

summation of sinusoidal waves:

I(x⃗, t) =

N∑
i=1

Ai cos(k⃗i · x⃗− ωit), (3)

where k⃗ = (kx, ky), x⃗ = (x, y) and N represents the number of wave components used [11]. The 3D

FFT finds the combination of sinusoidal waves that make up the ocean surface. It can then find the

frequency dependence of these waves on specific wavenumbers. The resulting spectrum is a function

of three variables: kx, ky, and frequency ωDR [12]. From the dispersion relation in Equation (2)

only certain combinations of (kx, ky, ωDR) are allowed. The greatest signal of the spectrum from

the 3D FFT corresponds to these triplets which satisfy the dispersion relation shown in Figure 1.

The angular frequencies ωDR can be found at certain triplet values using the method outlined in

Appendix B used in Shen et al. [13]. Looking at Equation (2) it is clear that now only the Doppler

shift current, ⃗̃c(k), is left to find. This can be found using algorithms such as the least squares

method, normalised scalar product method or the polar current shell method.
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Figure 1: The triplets (red circles) are the peaks in the ocean wave spectrum found through the
3D FFT. These triplets correspond to the linear dispersion relation (blue surface). This plot uses
simulated data with parameters as outlined in Section 3 with the current profile U(z) = e0.5z+0.05.

2.3 Doppler Current and Depth-Dependent Current Relationship

Ocean wave theory is used to find the relationship between the Doppler shifts and the depth-

dependent current. It is derived using the perturbation approach shown by Stewart and Joy [14].

For Equation (2) it was assumed that the currents are uniform in depth. However, this is not the

case as currents are influenced by waves and wind causing currents to be dependent on depth.

2.3.1 Linear Inviscid Equation of Motion

Consider the velocity field (u,w) in the Cartesian coordinates (x, z) where z is in the vertical

direction and x is the direction waves travel. The linearised Euler equations in the x and the z

directions are [15]:

ρ(ut + Ûux + Û ′w) = −px, (4)

ρ(wt + Ûwx) = −pz, (5)

where Û is the mean velocity in the x direction and p is the dynamic pressure where we define

Û ′(z) = dÛ(z)
dz . The continuity equation is:

ux + wz = 0. (6)
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Let’s consider a streamfunction in the form:

ψ = f(z)eik(x−ct). (7)

Taking ∂
∂z (4) and ∂

∂x(5) the pressure term can be eliminated by the symmetry of second order

partial derivatives. Then, substituting in that the streamfunction satisfies u = ∂ψ
∂z and w = −∂ψ

∂x

leads to the linear, inviscid equation where we define Û ′′(z) = d2Û(z)
d2z

[15]:

f ′′ +

(
Û ′′

c− Û
− k2

)
f = 0. (8)

2.3.2 Boundary Conditions

Let the free surface of the water be η(x, t). We define the linearised free surface to be z = 0, with

the ocean floor being defined as z = −h. The dynamic boundary condition comes from neglecting

quadratic terms in the unsteady Bernoulli equation [16]. At the free surface the condition is:

p(0)− ρgη(x, t) = 0, (9)

where η(x, t) is the displacement of the free surface from its mean position [15]. This can be used

to rewrite Equation (4) to include the free surface condition as:

ut + Ûux + Û ′w + g
∂η

∂x
= 0 , z = 0. (10)

The kinematic boundary condition requires that the motion of the water surface is in agreement

with the velocity components of the water particles [17]. The material derivative of the difference

between the vertical coordinate of a water particle and the free surface results in the condition:

∂η

∂t
+ Û

∂η

∂x
= w , z = 0. (11)

The dynamic boundary condition can be used with ux, ut and w to find a general form for the

free surface η. This can be substituted into the kinematic boundary condition to find the following
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condition on f at the mean free surface z = 0:

df

dz
(z = 0) =

(
Û ′

Û − c
+

g

(Û − c)2

)
f(z = 0). (12)

2.3.3 Solution of Linear Inviscid Equation of Motion

An approximate solution of Equation (8) is sought. It is assumed that the surface current is small

in comparison to the wave phase velocity i.e Û(z) = ϵc1U(z) where ϵ ≪ 1, c1 is the dimensional

wave velocity and U(z) is the non dimensional mean current velocity. The solution of Equation

(12) is expanded in powers of ϵ giving f = f1 + ϵf2 + ϵ2f3 and c = c1 + ϵc2 + ϵ2c3. The first order

is considered meaning that f = f1 and c = c1 which can be used in Equation (8) to give:

f ′′1 − k2f1 = 0. (13)

The second order solution uses f = f1 + ϵf2 and c = c1 + ϵc2 which is used in Equation (8). Using

that ϵ≪ 1 and that the coefficients of ϵ are equivalent gives:

f ′′2 − k2f2 = U ′′f1. (14)

The first and second order solutions can be put into the boundary condition from Equation (12)

and evaluated at z = 0. Then using similar approximations surrounding the fact that ϵ≪ 1 it can

be shown that the boundary condition becomes:

f ′1 −
g

c21
f1 = 0, (15)

f ′2 −
g

c21
f2 =

(
2g

c21(U − c2
c1
)
− U ′

)
f1. (16)

The solution of Equation (13) is f1 = aekz with k = g
c21
. This can be substituted into Equation (14)

to give:

f ′′2 − k2f2 = U ′′aekz. (17)
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The homogeneous version of Equation (17) has solution f2(z) = Bekz + De−kz. Meanwhile, the

particular solution can be found using the standard formula for the method of variation of param-

eters. Using integration by parts on the method of variation of parameters formula it can be found

that the particular solution satisfies:

f2,p(z) = −ae−kz
∫ z

−∞
U ′e2kzdz. (18)

Thus, the general solution is:

f2(z) = aekz − ae−kz
∫ z

−∞
U ′e2kzdz. (19)

This general solution of f2(z) can be used in Equation (16) along with using that c21 = g
k and

c = c1 + ϵc2 which results in the phase velocity of the wave:

cp = c1 + 2k

∫ 0

−∞
U(z)e2kzdz. (20)

Thus, given that cp − c1 is the Doppler velocity we have derived that the Doppler shift can be

approximated as a weighted average of the current profile as a function of depth:

c̃(k) = 2k

∫ 0

−∞
U(z)e2kzdz. (21)

A similar approach can be extended resulting in the finite depth extension of Equation (21)

above [18, 19]:

c̃(k) =
2k

sinh(2kh)

∫ 0

−h
U(z) cosh[2k(h+ z)]dz. (22)

An inversion method is used to find the depth dependent current U(z) from the previously calculated

c̃(k) using Equations (21) and (22). Algorithms such as the Effective Depth Method (EDM) or the

Polynomial Effective Depth Method (PEDM) can be used to perform this task.
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3 Methodology on Simulated Data

In this section each method will be introduced and then applied to simulated waves. The simulated

wave fields are based on directional JONSWAP spectra in a water depth of 1000 m with a directional

spreading of 30 implemented following Mitsuyasu et al. [20]. We study two wave fields which only

differ in current direction of either 0◦ or 30◦. The simulated wave fields occurred in a window of

size 500×500 m over the course of 20 min. They had a range resolution of 7.5 m in both the x and

y directions with a temporal resolution of 1 second. Further description of the sea state involving

wave height, patch size and temporal parameters can be found in Støle-Hentschel et al. [21].

3.1 Doppler Shift Measurement

The Doppler shift measurements can be found through measuring the dispersion relation using the

wave spectrum to find ωDR and then using an algorithm to solve Equation (2). There are many

algorithms that have been developed to do this such as the least-squares (LS) fitting technique [22],

the weighted LS method [23], the iterative LS method (ILS) [24], the normalised scalar product

(NSP) method [25] and the polar current shell method (PCS) [26]. In our study we will concentrate

on the LS, NSP and PCS methods as these are commonly used in the field and have been tested

extensively.

3.1.1 Least Squares Method

This method involves a LS technique using the fundamental mode wave dispersion relationship. Ve-

locity components are obtained through minimising the error in Equation (2). The error parameter

is defined as:

Q =

N1∑
i=1

[ωi − ω0(kxi, kyi)− kxiUx − kyiUy]
2, (23)

where (kxi, kyi, wi) are the wavenumber-frequency triplets, (Ux, Uy) are the respective current com-

ponents, ω0(kxi, kyi) is the wave frequency calculated by Equation (1) and N1 is defined as the

number of triplets whose energy is higher than C1 of the spectral peak. In practice, a value of

C1 = 0.2 is a common choice [27].

Simulated wave fields were studied to attempt to verify the LS algorithm. The wavenumber-
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frequency triplets were found using the method outlined in Section 2.2, resulting in 2154 triplets.

The LS method was applied which resulted in some triplets being discounted due to their low

energy values using the threshold value C1 = 0.2 as before. This threshold value aimed to reduce

other signatures in the spectrum such as harmonics, aliasing and noise whilst also keeping enough

data points to obtain a reasonable fit. There were 240 triplets that met this threshold criteria.

However, naturally the minimisation required initial guesses of the velocity components.

Figure 2: The resulting Doppler shifts c̃(k) from the least squares method using an initial guess of
(Ux, Uy) = (0.2, 0.1) before fitting (left) and an initial guess of the true correct velocity (right).

It is evident from Figure 2 that the output of the least squares method is heavily reliant on

the initial guess given to the LS method. Even with the exact correct initial values, there is still

noise produced in the Doppler measurements. This is commonly a result of an improper choice of

the threshold value [27]. Variation of this threshold value did not result in any improvement in the

Doppler shifts. The threshold procedure causes noise to play a relevant role particularly at lower

levels of the measured spectrum which was one motivation for developing the NSP method [25].

The LS method has been improved to the ILS and other such variations, however, these were not

studied due to their poor relative performance in high current sea states [28]. In such states, aliasing

has an increased effect on the calculation of the Doppler shifts and so the NSP or the PCS method

are commonly preferred [12].
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3.1.2 Normalised Scalar Product Method

The NSP method can also be utilised to find the Doppler shifts. We consider the wavenumber bins

with center values ki and half width δk. For each center wavenumber value we can define a masked

spectrum Fi where energy outside the wavenumber bin is set to zero:

Fi(k⃗, ω) =


√
P (k⃗, ω), if |k − ki| ≤ δk

0. otherwise

(24)

Due to the symmetries of the Fourier transform of a signal comprised of real numbers, the charac-

teristic function G is defined as:

G(k⃗, ω, c̃) = exp

−2

[
(ω − ωDR(k⃗, c̃))

a

]2+ exp

−2

[
(ω + ωDR(k⃗, c̃))

a

]2 , (25)

where a is a parameter that controls the spectral width in frequency of the dispersion relation

shell [21]. The normalised scalar product as a function of the unknown current components (Ux, Uy)

is defined as:

V (Ux, Uy) =
⟨|Fi(k⃗, ω)|, G(k⃗, ω, Ux, Uy)⟩√

PF · PG
, (26)

where PF and PG are the powers associated to the image of the spectrum Fi and G respectively. The

value of V is maximised with respect to the Doppler shift components. This implies the greatest

overlap between the dispersion relation shell defined by the characteristic function and that of the

true spectrum. Importantly, the NSP method does not require choosing an optimal threshold for

the image spectra [29].

The NSP method is applied to both simulated wave fields. To reduce the computational cost

of the NSP method the search range of the current velocities is [−1, 1] m/s as the current is not

high in this simulated wave field. A resolution of 0.1 m/s is initially used to find (Ux0 , Uy0). This

is followed by another search range of size ±0.1 m/s around (Ux0 , Uy0) with a resolution of 0.01

m/s. Two simulated wave fields are studied where only the current directions differ. The current

directions of each simulated wave field are ψ = 0◦ and ψ = 30◦ respectively.
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Figure 3: The resulting Doppler shifts c̃(k) separated into their x and y components from the NSP
method on the simulated data with current direction ψ = 0◦ (left) and ψ = 30◦ (right).

Figure 4: The root mean square error of the Doppler shifts calculated from the NSP method with
current direction ψ = 0◦ (left) and ψ = 30◦ (right).

The NSP method provides much improved Doppler shift estimates. Similar to previous studies

the root mean squared error of the Doppler shifts is highest for low wavenumbers and decreases

towards zero for higher wavenumbers [21]. This can be attributed to spectral leakage which strongly

affects low wavenumbers [30].

Spectral leakage is caused by the relationship between the window size and the observed wave-

length. The spectral estimate improves, when there are more ocean wave wavelengths included in

the window. Spectral leakage is a result of the waves not matching the windows. This leads to the
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wave not being represented by a single wave component which means that other wave components

need to compensate for this. This occurs in greater intensity for lower wavenumbers. Tapering and

zero-padding the data can improve effects of spectral leakage however effects from spectral leakage

will never be completely mitigated.

3.1.3 Polar Current Shell Method

Recently, the PCS algorithm has been developed which involves a sinusoidal curve-fitting process

in polar coordinates. This method requires two main steps after finding the dispersion triplets as

in Section 2.2:

1. Transformation to the PCS : The coarse dispersion shell, ω0(kx, ky) which is ωi for the triplet

pairs and zero elsewhere. The current-induced dispersion relation in Equation (2) can be

rewritten using the definition of the dot product of Euclidean vectors:

ωU (kx, ky) = k⃗ · U⃗ = kU cos θ = ω0(kx, ky)−
√
gk, (27)

where θ represents the intersection angle between the current direction and the wave vector

and ωU (kx, ky) = k⃗ · U⃗ represents the frequency shift by the current (current shell). The term

√
gk is the deep water limit of the dispersion relation. The Cartesian current shell ωU (kx, ky)

can be transformed into the polar current shell ωU (k, θk⃗).

2. Current Parameters: Noise can still occur in the polar current shell. This noise can severely

effect the least squares fitting and thus, must be removed. This can be performed using a

Grubbs’ test as for a particular radial direction in the wavenumber plane the intersection

angle θ is fixed [31]. Outliers and points in which ω0(kx, ky) = 0 are removed from the fitting

process. A least squares curve fitting is performed in each radial direction using the model

function:

f(U, θ) =
ωU
k

= U cos θ. (28)

To maintain a good fit it is required that there must be a minimum ten points being fitted [29].

The process is aborted for the radius if the number of points is below this value. The angle
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corresponding to the maximum of the estimated function is the current direction with the

amplitude of the sinusoid being the current speed.

The PCS method is applied to the two simulated wave fields where only the current directions

differ. Again, the current directions of each simulated wave field are ψ = 0◦ and ψ = 30◦ respec-

tively. The PCS method was repeated for a collection of wavenumbers between 0 rad/m and 0.35

rad/m with an increment of 0.01 rad/m.

Figure 5: The Doppler shifts c̃(k) calculated using the standard PCS method with current direction
ψ = 0◦ (left) and ψ = 30◦ (right).

Figure 6: The root mean square error of the Doppler shifts calculated from the PCS method with
current direction ψ = 0◦ (left) and ψ = 30◦ (right).

From Figures 5 and 6, it is clear that the PCS method fits well for higher wavenumbers with a
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similar accuracy to that of the NSP method which was expected [29]. However, for low wavenumbers

the PCS method has a larger error than the NSP had. More low wavenumber Doppler shifts have

errors in them in the PCS case than the NSP case. As discussed for the NSP, spectral leakage can

often impact the measurement for low wavenumbers. It seems that the PCS method amplifies these

effects. The wavenumber resolution could be attributed to this amplification. In the NSP method

the wavenumber resolution is further refined due to the decrease in search range for velocities. In

the PCS method the wavenumber resolution remains constant.

The PCS method is limited in its nature due to the dependence on a large amount of triplet

points to be found to ensure accurate sinusoidal fitting. The number of triplet points is usually large

for simulated data due to the associated low amount of noise on the wave spectrum measurement.

However, when applying this method to real ocean wave data the number of triplets that meet the

criteria outlined in Section 2.2 can drastically decrease.

3.2 Current Inversion

The Doppler shift velocity c̃(k) found in Section 3.1 represents a weighted average of the current

as a function of depth, as approximated by Equation (21). An inversion method is required to find

the depth dependent current, U(z). Methods such as the EDM, Ha-Campana and PEDM have

been developed to perform this inversion. The Ha-Campana was found to demonstrate comparable

accuracy to the EDM when comparing to ADCP measurements [12, 32]. However, the EDM’s

simplicity is preferred meaning that the Ha-Campana method will not be studied further in this

text.

3.2.1 Effective Depth Method

This method assumes that the current profile has a specific functional form. First, we can assume

that the current strength varies linearly with depth resulting in a profile of U⃗(z) = U⃗ ′z+ U⃗0, where

U⃗0 is the surface current and U⃗ ′ is the shear strength. Using this profile in Equation (21) and

solving the integral we find:

⃗̃c(k) = − U⃗
′

2k
+ U⃗0 = U⃗

(
z = − 1

2k

)
. (29)
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Hence, the Doppler shifts are equal to the current profile at a depth which we call the effective

depth. For the linear profile assumption it is clear that the effective depth is zeff = −(2k)−1.

Assuming a logarithmic profile which is U⃗(z) = U⃗0− u⃗∗
κ log( zz0 ), where u⃗∗ is the friction velocity,

κ is the Von Kármán constant and z0 is the roughness length. Similarly, this profile can be used in

Equation (21) to find:

⃗̃c(k) ≈ U⃗0 −
u⃗∗
κ

log(
1

2krz0
= U⃗

(
z = − 1

3.56k

)
, (30)

where r is 1.78. Hence, for the logarithmic profile assumption it is clear that zeff = −(3.56k)−1.

The EDM has been used extensively to find estimates of the current profile [33, 34]. It is

commonly used due to its simple implementation. However, it requires a prior assumption to the

functional form of the depth profile. In realistic cases it is rare that the current profile would

resemble a linear or logarithmic profile.

3.2.2 Polynomial Effective Depth Method

The PEDM was proposed to prevent a prior assumption of the functional form of the depth pro-

file [35]. The method begins with the standard EDM and fits the profile to a polynomial form and

then scales the coefficients to give an improved estimate of the true current profile. Some polyno-

mial is assumed to form the current profile which is given as U(z) =
∑∞

n=0 unz
n. The resulting

Doppler shifts can be found using the Stewart and Joy integral from Equation (21) yielding:

c̃(k) =
∞∑
n=0

n!un

(
− 1

2k

)n
. (31)

The (−2k)−1 is equal to the zeff in the linear EDM. The PEDM explicitly follows using three key

steps as outlined in Smeltzer et al. [35]:

1. Assign effective depths zi = −(2ki)
−1 to each measured value of the Doppler shifts c̃i using

the EDM procedure.
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2. Find UEDM (z) through fitting the points (zi, c̃i) to a polynomial of degree nmax:

UEDM (z) ≈
nmax∑
n=0

uEDM,nz
n. (32)

3. This can be scaled by a factor of n! to give the improved PEDM estimate to be:

UPEDM (z) =

nmax∑
n=0

1

n!
uEDM,nz

n. (33)

This method is in practice applied to both components of the velocity separately. The PEDM has

been tested on laboratory measurements [35].

3.2.3 Simulated Waves

The EDM and PEDM are applied to the two simulated wave fields where only the current directions

differ as before. It is assumed that the depth of the water is very large. The PEDM is performed

down to a depth of 20 m as this allows us to see the discrepancy between the PEDM and the depth

profile at greater depths. We will compare the inverted current from the PEDM using the NSP

and PCS Doppler shifts against the true current profiles given to the simuated waves.

Data Set where ψ = 0◦

First, the ψ = 0◦ case is studied. In Figure 7 we compare the difference in the PEDM when

using the NSP method versus the PCS method. We can see that the PEDM represents Ux(z) quite

well. For this component it is clear that using the NSP method means that the PEDM reconstructs

the current profile much better than the PCS case. At greater depths the PEDM becomes less

accurate for both input Doppler shifts. This is a result of the amplification of errors in the Doppler

shifts due to the inversion process [12]. In particular, we saw that the Doppler shifts tended to

be less accurate for the lower wavenumbers which correspond to the greater depths. We can recall

from Section 3.1 that the PCS had an increased level of inaccuracy for the Doppler shifts at lower

wavenumbers compared to the NSP method. Hence, we see the improved accuracy on the PEDM

using the NSP method to find Doppler shifts over the PCS method. It is also important to note that

the PEDM gives a closer fit to the actual profile in comparison to the EDM which is expected [35].
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Figure 7: The depth dependent current U(z) with current direction ψ = 0◦ using the NSP Doppler
shifts (left) and the PCS Doppler shifts (right). The EDM is plotted by points and the PEDM is
plotted as a line for each current component.

The Uy(z) component is not reconstructed well in either case in Figure 7 because this component

is particularly sensitive to the input wavenumbers due to Uy(z) being close to 0. Hence, we can

try to improve the performance of the PEDM by neglecting the smallest two wavenumbers. This

removes the two EDM points at the greatest depths in the fitting process of Uy(z) during the PEDM

which is shown in Figure 8. Again, the improved performance of the PEDM when using the NSP

Doppler shifts instead of the PCS Doppler shifts is evident.

Figure 8: The depth dependent current Uy(z) component with current direction ψ = 0◦ using the
NSP Doppler shifts (left) and the PCS Doppler shifts (right). The lower two wavenumbers are not
included in the PEDM process.
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Data Set where ψ = 30◦

Figure 9 depicts the ψ = 30◦ case. The Ux(z) component has a better PEDM fit for the NSP case

than the PCS case again. The large variety in effective depth points leads to poor PEDM fitting.

Figure 9: The depth dependent current U(z) with current direction ψ = 30◦ using the NSP Doppler
shifts (left) and the PCS Doppler shifts (right).

The Uy(z) component is plotted in Figure 10 with the lowest three wavenumbers in the Doppler

shifts being neglected in the PEDM. The lowest three points were chosen based off visual inspection

of the EDM points in Figure 9. These points were not similar to the behaviour of the correct current

profile. The PEDM performs best for the case where the NSP Doppler shifts are used. They also

have an improvement over the EDM points.

Figure 10: Current component, Uy(z), with current direction ψ = 30◦ using the NSP (left) and the
PCS (right) Doppler shifts. The lower three wavenumbers are not included in the PEDM fitting.
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4 Field Data Measurements

4.1 Radar Images

An X-band marine radar was located at (32◦ 07′ 50.0′′N, 34◦ 47′ 14.0′′E) near HaTsuk beach. It

captured radar images of a circular region with a radius of approximately 4 km with the radar at

its centre. This area includes a section of ocean and a section of land. The radar operated with a

rotation period of 2.46 seconds with a range resolution of 3.75 m. For a good frequency resolution,

radar sequences of 15 min were analysed [21]. The radar sequence contained 366 images. Radar

sequences of 15 min were extracted at every hour. We studied a period of a storm with high wind

speeds and high significant wave heights starting at 21:00, 18th January 2022 until 18:00, 20th

January 2022.. In such conditions, it is assumed that a strong shear can develop. Due to time

constraint we concentrated on 3 particular hours.

The ADCP was located approximately 1.5 km off the coast at (32◦ 08′ 04.8′′N, 34◦ 46′ 27.7′′E).

We took a 500× 500 m extraction window with the ADCP located at the centre so that we could

compare the ADCP measurements to the radar measurements. The radar image was then rotated

clockwise by 80◦ so that the extracted window was in the main wave direction.

Figure 11: Illustrates the first t = 0 radar image of the sequence of images taken at 04:00, 19th

January 2022. The full radar image is shown (left) along with the rotated radar image (right). The
extraction window in red is used to find the currents.

19



4.2 ADCP Data

The ADCP being used in the field was a Nortek Signature 1000 which was mounted on the sea bed.

It employed an acoustic surface tracking beam for the sea elevation and it also has four slanted

beams for radial velocities, providing the horizontal velocities. The ADCP data is averaged over

the 15 min time frame to smoothen any large fluctuations in current at specific times. The ADCP

does not accurately measure the upper layers of the water column as the water particles are effected

by the current and the waves [9]. This causes inaccuracies in the ADCP in upper layers. Hence,

the ADCP measurements are cut off close to the surface usually at approximately the mean wave

height for that particular 15 min.

For the purpose of this research we will look at the following hours of the data taken in January

2022: 23:00 on the 18th, 04:00 on the 19th and 11:00 on the 19th. In this text we will refer to

these radar sequences as 18-23, 19-04 and 19-11 respectively. This selection was made based on the

varying levels of shear seen at these times which is evident in Figure 12. Both components at these

times experience different levels of shear. Shear is defined as the sharp increase in velocity with a

small increase in depth. The UEast component has high shear for each radar sequence. The UNorth

component has significantly less shear. These data sets can be used to test the performance of the

PEDM and the EDM in varying levels of shear.

Figure 12: The ADCP averaged measurements are shown for the UEast component (left) and for
the UNorth component (right) for each of the radar sequences studied which were 18-23, 19-04 and
19-11.
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4.3 Doppler Shift Measurement

The PCS method was tested on the anti-aliased radar data. However, there were insufficient triplets

that met the threshold criteria which resulted in poor fitting of the sinusoidal (shown in Appendix

C). This resulted in inaccurate estimations of the Doppler shifts. The simulated data showed that

accurate Doppler shift measurements for the lower wavenumbers were required for an improved

current profile. For the simulated data the NSP method gave the smallest error in velocities for the

lower wavenumbers. Hence, to get the most accurate Doppler shifts the NSP method will be used.

4.3.1 Anti-Aliasing

Aliasing is often caused by under-sampling in either time or space. In this data set we observe

that the resolution in time is coarser than the resolution in space. In the temporal domain higher

frequencies are noticed but are not registered with the correct wavenumbers due to the less coarse

spatial domain. This appears as extra artifacts of energy located away from the linear dispersion

relation [12]. In the simulated data this issue was not present in the spectrum. However, in the field

data there was aliasing present for all data studied shown in Figure 13. There is a symmetry present

as the FFT is usually squared meaning that the dispersion relation leads to ω−(k⃗) = −ωDR(−k⃗).

Hence, we see the clear dispersion relation for both ω > 0 and ω < 0. The aliasing occurs for higher

wavenumbers where the dispersion relation appears shifted.

Figure 13: The power spectrum is found along the kx = 0 slice. It is clear the simulated data with
ψ = 0◦ (left) has no aliasing present whereas the 19-04 field data has aliasing present (right).
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The NSP method does not take into account aliasing meaning that the dispersion relation at

higher wavenumbers is ignored. A three-dimensional anti-aliasing is performed on the spectrum

which follows on from the one-dimensional case shown in Støle-Hentschel et al. [36]. The aliased part

of the spectrum is joined to the main dispersion relation resulting in the new extended spectrum in

Figure 14. This is performed using the spectrum in polar co-ordinates. The one-dimensional case

is applied to each slice of the azimuthal angle resulting in new extended spectrum’s. These can be

converted back to Cartesian co-ordinates leading to the anti-aliased spectrum.

Figure 14: The resulting anti-aliased spectrum along kx = 0 for the 19-04 field data.

4.3.2 Apply NSP and Fit Curves

The NSP method can be applied to this new extended spectrum. The velocities found by the NSP

are for the rotated co-ordinates shown in Figure 11 on the right. The ADCP has been recorded

in the set of co-ordinates pre-rotation corresponding to Figure 11 on the left. Hence, the resulting

Doppler shift measurements from the NSP method need to be rotated by 80◦ anticlockwise using:

 UEast

UNorth

 =

cos(θ) − sin(θ)

sin(θ) cos(θ)


Ux
Uy

 , (34)

where θ = 80◦ is the rotation angle and UEast and UNorth are the current components in the original

co-ordinate system pre-rotation. These components can be compared to the ADCP measurements.
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Doppler shifts are a smooth quantity so sudden jumps in the data can easily be eliminated [21].

Curves are commonly fitted to the Doppler shifts to smoothen the data. Also, the NSP method

represents the dispersion relation as single points. However, due to spectral leakage these points

may not be that accurate hence it is valid to fit a curve to these Doppler shifts. These curves will

also help with the current inversion.

To find a curve that fits the Doppler shifts we remove outliers from the rotated Doppler shifts.

We add a velocity at z = 0 to the ADCP data. Then we fit a 4th order polynomial to the ADCP

data along with the point at z = 0. The corresponding Doppler shift curve is calculated using the

polynomial fitting as the current profile U(z) in the Stewart and Joy integral from Equation (21).

This is repeated for many different points at z = 0. For each point the RMSE is calculated between

the NSP Doppler shifts and the Doppler shift curve for that point. The curve with the minimum

value of RMSE is taken as the fitted curved to the Doppler shifts.

As an example, we can follow the process of fitting a curve to the raw UEast NSP points using the

18-23 data. Due to the large errors associated with the Doppler shifts for lower wavenumbers, we

only consider Doppler shifts whose wavenumber is above k = 0.1 rad/m. This improves estimates

for lower wavenumbers as previously done for simulated data in Figure 8 and Figure 10. Using the

remaining Doppler shifts a power law curve is fitted to the points. Points that are one standard

deviation or more away from this curve are deemed as outliers shown in Figure 15 below.

Figure 15: Shows the fitted curve to the filtered NSP points where the outliers have been detected
based off their distance to the curve. Detected outliers are shown as blue points whereas non-outlier
NSP points are shown as black points.
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To aid the fitting process a velocity at the surface is added U0. For this example we add a

velocity of 0.8 m/s at z = 0. A polynomial is fitted to the ADCP data (blue points) along with the

added artificial velocity (green point) resulting in Figure 16 on the left. This current profile can be

used in the Stewart and Joy integral from Equation (21) to find the Doppler shift curve which has

been shown in Figure 16 on the right.

Figure 16: A polynomial is fitted to the ADCP data and U0 which results in the depth dependent
current U(z) (left). This is used in the Stewart and Joy integral to give the estimate of the Doppler
shift curve (right).

This process is repeated for many different values of U0 which range from the minimum value

of the NSP Doppler shifts up to the maximum value of the NSP Doppler shifts. The curve with

the minimum RMSE value is chosen to be the curve that fits the NSP Doppler shifts. The RMSE

values for each component of each radar sequence are shown in Table 1 below:

Radar Sequence RMSE (UNorth) RMSE (UEast)

18-21 0.033 0.061
19-04 0.068 0.057
19-11 0.043 0.096

Table 1: RMSE values between the Doppler shift curves and the NSP Doppler shift points for each
of the radar sequences.

This method can be performed on each of the studied radar sequences. The NSP method is

performed on each of the current components separately. The resulting Doppler shift points along
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with the fitted Doppler shift curves are plotted in Figure 17.

Figure 17: The fitted curves for both components of the Doppler shifts are plotted for the 18-23
(left) radar sequence, the 19-04 (right) radar sequence and the 19-11 (bottom) radar sequence. This
method is applied to each component separately.

4.4 Current Inversion

The fitted curves are used to represent the Doppler shifts for each component. The two inversion

methods (EDM and PEDM) are used to find the depth-dependent current velocity U(z). The

PEDM is used as outlined in Section 3.2.2 with two main differences. Firstly, the monotonic

assumption has been removed. This was originally added to the PEDM as it assumed the Doppler

shifts are monotonic for almost all realistic curves. Doppler shifts are a smooth quantity due to the
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Stewart and Joy integral from Equation (21). Inputting a current profile U(z) that has irregular

jumps still results in smooth Doppler shifts, c̃(k). However due to the fitting process we used, this

assumption is not necessary as our Doppler shift curves are already a smooth quantity with no

large jumps in the data. In Equations (29) and (30) it was assumed that the water had a large

depth. However, in our case the water depth is much smaller at approximately h = 16 m. Hence,

the effective depth method is changed as the tanh(kh) term can no longer be neglected. Thus, the

effective depth of the current assuming a linear approximation is now:

Zeff (k) = −(2k)−1 tanh(kh), (35)

where h = 16 m is the depth of the water and k is the wavenumber. The remaining steps of the

PEDM do not need to be changed which is outlined in Section 2.1.1 of Smeltzer et al. [35]. The

performance of the PEDM is visible in Figures 18, 19 and 20 below. Both inversion methods are

applied separately to the East and North components.

Figure 18: Current inversion methods are applied to the 18-23 radar sequence. Each method is
plotted for the East component (left) and the North component (right).
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Figure 19: Current inversion methods are applied to the 19-04 radar sequence. Each method is
plotted for the East component (left) and the North component (right).

Figure 20: Current inversion methods are applied to the 19-11 radar sequence. Each method is
plotted for the East component (left) and the North component (right).

4.4.1 East Velocity Component

For each radar sequence the ADCP data suggests that there is a high amount of current shear in

the UEast component. Quantifying shear for ADCP data is an ill-posed problem as it is difficult to

differentiate the shear part and non-shear part of the current profile. Hence, for this study we will

estimate the current shear visually.

For the East component the PEDM nor the EDM do not accurately find the current depth
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profile. The PEDM performs best when the EDM is initially close to ADCP profile. For the EDM

points to be close to the high shear initially we would require much larger Doppler shifts which

were not seen in the data. This would have pointed to there being a very high current in the upper

layers of the profile. However, we do not see these high Doppler shifts which is why the PEDM

struggles to reconstruct the current profile.

The statistical discrepancy between the two methods is quantified in Table 2 below. We have

calculated the average residuals between the ADCP data and the PEDM curve down to the greatest

depth. We have also calculated the average residuals between the ADCP data and the EDM curve

down to the smallest depth of the EDM at approximately z = 8 m. The EDM clearly performs

worse for this componenet than the PEDM. The best performance of the PEDM occurs for the

19-11 radar sequence. This is also the radar sequence which visually seems to have the least amount

of shear despite have the highest velocities. This suggests that the PEDM performs best when the

shear is the smallest.

Radar Sequence EDM PEDM

18-21 0.155 0.068
19-04 0.197 0.153
19-11 0.271 0.055

Table 2: Average residual values between the ADCP and each of the inversion methods for each
radar sequence.

4.4.2 North Velocity Component

The UNorth component is reconstructed well by the PEDM for both radar sequences. For this

component there is significantly less shear. The EDM points fit the upper part of the ADCP data

well which means the PEDM performs much better than we saw in the UEast component case.

This is evident in Figure 21 where we compare the PEDM and EDM at reconstructing the depth-

dependent current for the effective depths. The EDM does not reconstruct the current lower in the

water column very well. The PEDM is much better at finding the current for lower depths. The

PEDM offers improvement over the EDM for these profiles which have less shear.
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Figure 21: The PEDM and EDM are compared for UNorth for each radar sequence. The difference
with the ADCP measurements are plotted at depths where the EDM points are present.

4.5 Limitations

It is important to note some of the limitations and challenges associated with evaluating and

interpreting our results. This work assumes that the radar images are an Eulerian measurement

allowing for comparison with the ADCP which is also an Eulerian measurement. This assumption

is based on findings that the Stokes drift is neither present in the radar image nor in the wave

model [21]. However, the nature of radar measurements is somewhat ill-defined. Some previous

studies suggest that radar images measure the Lagrangian current which includes Stokes drift [37].

The absolute accuracy of the PEDM is affected by the wave spectrum bandwidth [35]. The wave

spectrum having a broader range of wavenumbers and directions is required for the reconstruction
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of the depth profile. The need for a sufficient spectrum of waves will affect any method where

currents are estimated from surface wave dispersion.

The current in the upper depths of the column is difficult to find due to the presence of waves.

There are no accurate in situ methods of finding this current in the upper depths. Currents recon-

structed by radar images are a good way of obtaining near surface currents. However, validation in

the upper layers is difficult due to the lack of reliable truth measurements available in this region.

5 Conclusion

In this project we have discussed the factors that influence the accuracy of current retrieval using

radar images. This study attempts to advance work in remote sensing for ocean wave currents.

We studied simulated waves. We applied the LS, NSP and PCS methods to find the wavenumber-

dependent effective current. Errors due to spectral leakage were observed for lower wavenumbers.

These errors were less prevalent in the NSP method than in the PCS method. The current re-

construction was also performed using the NSP and PCS methods where we saw the improved

performance of the inversion methods using the NSP Doppler shifts. Thus, we concluded that the

NSP method is more viable for finding accurate wavenumber-dependent Doppler shifts which agrees

with results in other studies [25, 27]. The improvement of the PEDM over the EDM in finding the

depth-dependent current was clear to see. This was as expected for simulated waves [35].

Waves from the Eastern Mediterranean Sea were used. The Doppler shifts of three radar image

sequences were found where aliasing and spectral leakage were accounted for. These Doppler shift

curves were used to invert the current profile. We performed the first test of the PEDM for real

world ocean wave data. The improvement of the PEDM over the EDM was verified for these waves.

The PEDM also provided an estimate of the current in shallower depths than the ADCP.

We also observed the effect shear has on the current inversion methods. This work has uncovered

a limitation of the PEDM which is that the PEDM struggles to reconstruct currents with significant

levels of shear. A natural extension of this work would be to quantify the level of shear required

for the PEDM to break down. The PEDM could be improved to work for high shear situations by

using in situ data at greater depths.
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Appendix

A. Dispersion Relation on Uniform Current

Waves on top of a constant current can be represented using u⃗ = Uêx+∇ϕ, where U is the constant

current and ϕ = ϕ(x, z, t) is the velocity potential. The flow is assumed to be irrotational leading

to the conservation of mass becoming Laplace’s equation:

∇2ϕ = 0. (36)

At the bottom of the ocean there is a no flux condition. This simplifies to a zero vertical velocity

condition, for a flat bottom z = −h becoming:

∂ϕ

∂z
= 0 , z = −h. (37)

Kinematic Boundary Condition

Next, consider the conditions on the free surface. The free surface is given by z = η(x, t). This

holds for all time resulting in the kinematic boundary condition:

D

Dt
(z − η(x, t)) = 0. (38)

The definition of the material derivative can be used to give:

w =
∂η

∂t
+ u

∂η

∂x
, z = η(x, t). (39)

Now consider the definition of the constant current, u = U + ∂ϕ
∂x and w = ∂ϕ

∂z . Substituting this

into Equation (39) while neglecting quadratic terms about still water gives:

∂ϕ

∂z
=
∂η

∂t
+ U

∂η

∂x
, z = 0. (40)
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Dynamic Boundary Condition

The dynamic boundary condition uses p = pa in the Bernoulli equation on z = η(x, t). The velocity

potential is unique up to an additive constant and so ϕ can be re-scaled to give the unsteady

Bernoulli equation on constant current which is:

∂ϕ

∂t
+ gη +

1

2

((
U +

∂ϕ

∂x

)2

+

(
∂ϕ

∂z

)2
)

= 0 , z = η(x, t). (41)

Neglecting quadratic terms again gives the dynamic boundary condition:

∂ϕ

∂t
+ gη + U

∂ϕ

∂x
= 0 , z = 0. (42)

Harmonic Solutions

Now that we have the governing system for linear water waves in a constant current from Equations

(36), (37), (40) and (42), we seek harmonic solutions:

η(x, t) = A cos (kx− ωt− β), (43)

ϕ(x, z, t) = f(z) sin (kx− ωt− β). (44)

where β is a phase shift to a specified initial condition. The velocity potential in Laplace’s equation

yields:

d2f

dz2
− k2f = 0 (45)

This has solution f(z) = B cosh (kz) +C sinh (kz) for constants B and C. Applying the boundary

condition from Equation (37) gives C in terms of B which can be put back into the solution of

Equation (45) resulting in:

f(z) = B
cosh (k(z + h))

cosh (kh)
. (46)

Thus,

ϕ(x, z) = B
cosh (k(z + h))

cosh (kh)
sin (kx− ωt− β). (47)
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Put this new velocity potential along with η(x, t) into the kinematic boundary condition in Equation

(40). This results in:

(
Bk

sinh (kh)

cosh (kh)
− ωA+ UkA

)
sin (kx− ωt− β) = 0. (48)

Similarly, putting the velocity potential and η(x, t) into the dynamic boundary condition in Equa-

tion (42) yields:

(−ωB + gA+ UkB) cos (kx− ωt− β) = 0. (49)

Equations (48) and (49) can be represented by a matrix system.

−ω + Uk k tanh(kh)

g −ω + Uk


A
B

 =

0

0

 (50)

Taking the determinant of the resulting matrix to be 0 yields:

(ω − Uk)2 = gk tanh(kh). (51)

The positive root of this equation is taken as we are interested travelling in the direction of the

wave energy. Resulting in the dispersion relation for ocean waves on a uniform current in 1D:

ω =
√
gk tanh(kh) + Uk. (52)

B. Triplet Extraction

The dispersion relation triplets will be found using the following method as outlined in Shen et

al. [13]. The three-dimensional array of sea surface images is denoted as I(x, y, t) as before. The

sub-image is usually chosen to be square (N × N) so that the resolution in wavenumber in both

directions will be the same [30]. Thus, I(x, y, t) will have a size of N × N ×M pixels, with M

corresponding to the duration of the time series. The dispersion triplets can be found using the

following method:

1. 3D FFT : The sub-image sequence can be multiplied by a smooth tapering function to mitigate
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the Gibbs phenomenon in both spatial and temporal domains [38]. Zero padding is then used

to increase the original data size (N ×N ×M) to a larger number of pixels in each domain

which can result in a smoother image at a cost of computing time. A 3D FFT is applied to

the larger image spectrum resulting in the power spectrum I(kx, ky, ω).

2. Extraction of Dispersion Shell : Next, the dispersion shell is extracted using the peaks of the

power spectrum through the following steps:

(A) High Pass Filter : The non-stationary and non-homogenous trends in the sub-image

sequence are removed using a high pass filter on I(kx, ky, ω) which gives:

I1(kx, ky, ω) =


0, if ω < ωcut

I(kx, ky, ω), if ω ≥ ωcut

(53)

where the cutoff frequency is usually taken as ωcut = 0.03× 2π radians/s [39].

(B) Energy Threshold : For every pair (kxi, kyj) there is a singular column vector of energy

I1(kxi, kyj , ω) with i, j = 1, 2, ..., N . If the maximum energy Emax−ij = max{I1(kxi, kyj , ω)}

in this column is not larger than P then this column is disregarded as having a low energy.

The threshold is defined by the maximum energy in the entire spectrum, Emax, using P =

Emax/2000 This eliminates possible interference from low-energy noise spikes:

I2(kxi, kyj , ω) =


0, if Emax−ij < P

I1(kxi, kyj , ω). if Emax−ij ≥ P

(54)

(C) Peak Identification: Only one frequency point ωq is associated with each wave-vector

pair. To find this we examine the frequencies observed at each wave-vector pair. Prominent

peaks are defined as no other peak reaches one-third of the maximum peak. If there is only

one prominent peak then the frequency of this peak ωq is used. If there are no prominent

peaks then ωq is 0.

All of the extracted non-zero ωq can be grouped with their corresponding wavenumber which

gives (kxi, kyj , ωq). These are the dispersion relation triplets similarly shown in Figure 1.
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C. PCS Fitting on Field Data

For example, the PCS method is applied to the 19-04 radar sequence. The triplets are anti-aliased

leading to more triplets at higher wavenumbers. Following the steps in Section 3.1.3 the fitting

process is performed. However, looking at the triplets being fitted in Figure 22 (left) there is a

clear poor fitting of the sinusoid. This same poor fitting occurs for all radii of the dispersion shell.

Thus, the PCS method gets inaccurate velocities. The PCS also only finds velocities for a limited

number of wavenumbers shown in Figure 22 (right) which is caused by the PCS requiring at least

10 points to be fitted for each wavenumber.

Figure 22: The fitting of the current shell at a particular radius k = 0.15 (left). The PCS is
performed for many different wavenumbers (right).

These tendencies were observed in the fitting of the other two radar sequences as well. This

resulted in inaccurate estimations of the Doppler shifts.
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